The paper is devoted to the study of free objects in the variety of Steiner loops and of the combinatorial structures behind them, focusing on their automorphism groups.
Introduction
Steiner triple systems as special block designs are a major part of combinatorics, and there are many interesting connections developed between these combinatorial structures and their algebraic aspects. In this paper we consider Steiner triple systems from algebraic point of view, i.e., we study the corresponding Steiner loops. Diassociative loops of exponent 2 are commutative, and the variety of all diassociative loops of exponent 2 is precisely the variety of all Steiner loops, which are in a one-to-one correspondence with Steiner triple systems (see [4] , p. 310).
Since Steiner loops form a variety (moreover a Schreier variety), we can deal with free objects. Consequently, we use the term free Steiner triple systems for the combinatorial objects corresponding to free Steiner loops. A summary of results about varieties of Steiner loops, Steiner quasigroups and free objects in the varieties can be found in [3] .
We give a construction of free Steiner loops, determine their multiplication groups (which is a useful knowledge for loops, see [8] , Section 1.2)). This problem for finite Steiner loops was partly solved in [12] and in [11] in the case of finite oriented Steiner loops. We also show that the nuclei of the free Steiner loops are trivial, which is an indicator of how distant these loops are from groups.
The automorphism group of a Steiner triple system S coincides with the automorphism group of the Steiner quasigroup as well as with the automorphism group of the Steiner loop associated with S. Any finite group is the automorphism group of a Steiner triple system ( [7] , Theorem 8, p. 103). This motivated the goal of our paper to study automorphisms of the free Steiner triple systems. We prove that (i) all automorphisms of the free Steiner loops are tame, and (ii) the automorphism group of a free Steiner loop is not finitely generated when the loop is generated by more than 3 elements.
We also determine the generators of the automorphism group of the 3-generated free Steiner loop and give conjectures about automorphisms of this loop. These conjectures fit the context of the work [13] on linear Nielsen-Schreier varieties of algebras.
Preliminaries
A set L with a binary operation L × L −→ L : (x, y) → x · y is called a loop, if for given a, b, the equations a · y = b and x · a = b are uniquely solvable, and there is an element e ∈ L such that e · x = x · e = x for all x ∈ L. A loop is called diassociative if every two elements generate a group.
A loop L is called Steiner loop if x · (x · y) = y holds for all x, y ∈ L and x 2 = e for all x ∈ L, where e is the identity of L.
A Steiner triple system S is an incidence structure consisting of points and blocks such that every two distinct points are contained in precisely one block, and any block has precisely three points. It is a well-known fact that a Steiner triple system of order m exists if and only if m ≡ 1, 3 mod (6) (cf. [9] , Definition V.1.9).
To a given Steiner triple system, there correspond two different constructions leading distinct algebraic structures.
A Steiner triple system S determines a multiplication on the pairs of different points x, y taking as a product the third point of the block joining x and y. Defining x · x = x we get a Steiner quasigroup associated with S. Adjoining an element e with ex = xe = x, xx = e we obtain the Steiner loop S.
Conversely, a Steiner loop S determines a Steiner triple system whose points are the elements of S \ {e}, and the blocks are the triples {x, y, xy} for x = y ∈ S \ {e}. The quasigroup or loop obtained in this way is called an exterior Steiner quasigroup or an exterior Steiner loop. This yields the first of the aforementioned constructions. Because it is more popular than the other one, the term 'exterior' will be omitted.
To describe the second construction, let a ∈ S be some fixed element and IS = (S, a, ·) be a main isotope of the quasigroup associated to S via the multiplication x · y = y · x = (ax)(ay). Then x 2 = x · x = (ax)(ax) = ax, and hence x 2 · y 2 = xy, x 3 = x(ax) = a and (xy)y = (x 2 · y 2 ) 2 · y 2 = x. Conversely, from a commutative loop S with identities x 3 = 1, (x 2 y 2 ) 2 y 2 = x, a Steiner triple system can be recovered, with blocks {x, y, x 2 y 2 } and {a, x, x 2 } for any x = y = a. This construction in a different framework appears in [3] The left, right, respectively, middle nucleus of a loop L are the subgroups of L defined by
For any x ∈ L the maps λ x : y → x · y and ρ x : y → y · x are the left and the right translations, respectively. The permutation group generated by the left and right translations of loop L is called the multiplication group of L, and the stabilizer of the neutral element is called the inner mapping group of L. These basic facts can be found in [2] .
Free Steiner loops
Constructions of free Steiner loops have been given by several authors: see e.g., [3] , [6] . Nevertheless, we provide here a specific construction; it will help to incorporate a transparent interpretation and to establish a natural system of notation.
Let X be a finite ordered set and let W (X) be a set of non-associative Xwords. The set W (X) has an order such that v > w if and only if |v| > |w| or
Next, we define the set S(X) * ⊂ W (X) of S-words by induction on the length of word:
On S(X) = S(X) * ∪ {∅} we define a multiplication in the following manner:
Proposition 1
The set S(X) with the multiplication as above is a free Steiner loop with free generators X.
Proof. The definition implies that
∅} is a group of order 4 and exponent 2. Hence S(X) is free diassociative of exponent 2, i.e., a free Steiner loop.
Let (G, H, B) be a Baer triple (see [1] ), i.e., G = BH is a group, H is a subgroup in G, B is a set of representatives for G/H with b 2 = 1, b ∈ B, B ∩H = 1, and for any
Define a multiplication on B by
We note that any Steiner loop can be constructed in the above fashion. Indeed, let G = Mult(B) be the multiplication group of the Steiner loop B and let
Proposition 2 Let G = Mult(S(X)) be the group of right multiplications of the free Steiner loop S(X). Then
C v is a free product of cyclic groups of order 2;
2. G acts on S(X), and G = {R v |v ∈ S(X)}Stab G (∅). Moreover, the inner mapping group Stab G (∅) is a free subgroup of G generated by
Proof. The claims follow from the consideration above and from the definition of the free product of groups or this fact can be found in [10] Sec. 11.3.
The subgroup Stab G (∅) is free by the Kurosh subgroup theorem [5] p. 17.
Proposition 3 If x, y are different elements of the free Steiner loop S(X) and |X| > 2, then there is an element z ∈ S(X) such that
Proof. Let x = v 1 (x 1 , ..., x n ) and y = v 2 (x 1 , ..., x n ). Suppose we choose the element z in the shape z = v 2 (x 1 , ..., x n ) · x j , where x j is one of the generators different from the last letter of v 2 (x 1 , ..., x n ). Then we have that
As was mentioned earlier, the nucleus of a loop can be interpreted as a 'measure' of the non-associativity. As a corollary of the previous Proposition, we can conclude that the free Steiner loops are 'very far' from groups: Corollary 4 The nucleus and therefore the center of free Steiner loops are trivial.
Automorphisms
Let Y = {y 1 , y 2 , ..., y n } be a set of free generators of S(X).
is an automorphism of S(X), called an elementary automorphism (or an Y-elementary automorphism) and we will denote it by ϕ = e i (v). Let T(X) denote a subgroup of the group of automorphisms Aut(S(X)) of loop S(X) generated by the X-elementary automorphisms. Automorphisms contained in T(X) are called tame (or X − tame). In Theorem 7 below we show that Aut(S(X)) = T(X).
Let Y = {y 1 , y 2 , ..., y m } ⊂ S(X), then set Y is said to be reducible, if there exist i and v ∈ S(Y \ y i ) such that |y i · v| < |y i |. 
). Moreover, w 7 = w 2 and therefore w 2 · w 7 ∈ Kerϕ and |w 2 · w 7 | > |v 1 · v 2 |. But since |v 1 | > |w 2 |, we have |v 2 | < |w 7 | < |w 1 | < |v 1 |. This proves the assertion.
Corollary 6 If Y is irreducible then S(Y) = S(X) precisely if Y = X.
Later on we will prove that all automorphisms of the free Steiner loops are tame.
Theorem 7 Let S(X) be a free Steiner loop with free generators X. Then Aut(S(X)) = T(X).
Proof. Let ϕ be an automorphism of S(X) and let Y = ϕ(X). We prove that ϕ ∈ T(X) by induction on |Y| = n i=1 |y i |. First we note that the permutations of X are tame automorphisms. For any transposition (ij) ∈ S n (X) we have (ij) = φψφ with φ = e i (x j ) and ψ = e j (x i ).
Since the symmetric group S n (X) of permutations of X is generated by transpositions, one has S n (X) ⊂ T(X).
If |Y| = n then ϕ ∈ S n (X) and therefore ϕ ∈ T(X). Now suppose that |Y| > n. By Corollary 6 the set Y is reducible and hence for some i and v = v(y 1 , ..., y i , ..., y n ) we have |y i · v| < |y i |. By the induction assumption the map ψ(x 1 , . . . , x n ) = (y 1 , . . . , y i−1 , y i · v, . . . , y n ) induces an X-tame automorphism of S(X). Set w = v(y 1 , ..., y i , ..., y n )
Then λ(x 1 , ..., x i , ..., x n ) = (x 1 , ..., x i · w, ..., x n ) is an X-elementary automorphism. Then ϕ = λψ since x λψ j = x ψ j = y j for j = i and
Consequently, ϕ ∈ T(X); this completes the proof of the theorem.
Lemma 8 Let φ = e i (v), v ∈ S(X \ i) be an X-elementary automorphism and suppose u = u 1 u 2 is an X−irreducible decomposition of a word u ∈ S(X). Then either u φ 1 u φ 2 is an X−irreducible decomposition of u φ or u φ = x i , in which case u 1 = x i and u 2 = v.
Proof. We will use induction in the length |u| of the word u. First suppose that u
is also an X-irreducible decomposition, and hence
u 2 is an X-irreducible decomposition then u = u 1 u 2 is X-reducible, which yields a contradiction.
Therefore,
·yv is X-reducible if and only if w = yv or x i = y. In the first case we get that u
Define a normal chain of characteristic (Aut(S(X))−invariant) subloops of S(X):
Here S 0 /S 1 is a group, and for any i, Z i = S i /S i+1 is the center of the factor loop S 0 /S i+1 . Moreover, each S i is a minimal subloop with these properties. Now we deal with the question whether the automorphism group of a free Steiner loop with n generators is finitely generated for n > 3.
Theorem 9
The automorphism group Aut(S(X)) of the free Steiner loop S(X) is not finitely generated when |X| > 3.
Proof. Owing to Theorem 7 and by a discussion afterwards, the group G = Aut(S(X)) is generated by {e i (v)|v ∈ S(X)}. If G is finitely generated then G is generated by a set P = {e ji (v i )|v i ∈ S(X), i = 1, . . . , m}.
Let S(X) > S 1 > S 2 > · · · > S i > . . . be a chain of normal characteristic subloops as in Eqn (1) . Choose a number p such that v i ∈ S p , i = 1, . . . , m, and 1 = v ∈ S p . We assume that
For any w ∈ S(X) we set (i) ||w|| = (s, t), if w = w 1 w 2 is an X−irreducible decomposition,
We prove that ||x j e j1 (v 1 ) · · · · · e jr (v r )|| = (1, s), with s < m, by induction in r. For r = 1 this is clear, and we suppose that for r this fact is true.
Set:
By the induction hypothesis we have
is an X−reducible decomposition then, by Lemma 8, q ei(w) = u = x i and ||u|| = (1, 0). We obtain that x ej (v) j = x j v and ||x j e j1 (v 1 ) · · · · · e jm (v m )|| = (1, s), with s < m. However, this contradicts to the fact ||x j v|| = (1, m) . This completes the inductional step.
Therefore our assumption that G is finitely generated does not hold.
The group Aut(S(X)) = T(X) is generated by X-elementary automorphisms e i (v), v ∈ S(X \ {i}), with e i (v) 2 = 1; this follows from the definition. Thus, a natural question arises: Problem 1. Which relations exist between X-elementary automorphisms of the free Steiner loop S(X)?
We stress, that there is no relation between the elements
In what follows we focus on the 3-generated free Steiner loop S(x 1 , x 2 , x 3 ). Contrary to the case of the automorphism group of free Steiner loop with n > 3-generators, we prove that the group Aut(S(x 1 , x 2 , x 3 )) is generated by three involutions (12), (13) and ϕ = e 1 (x 2 ).
Theorem 10 Let S(X) be a free Steiner loop with free generators X = {x 1 , x 2 , x 3 }. Then the group of automorphisms Aut(S(X)) is generated by the symmetric group S 3 and by the elementary automorphism ϕ = e 1 (x 2 ).
Proof. Let G 0 be the subgroup of Aut(S(X)) generated by S 3 and ϕ. If G 0 is a proper subgroup, then let φ be an element of Aut(S(X)) \ G 0 . The length of φ(x 1 , x 2 , x 3 ) = (u, v, w) is the sum of the length of the generators under φ, i.e., |φ| = |u| + |v| + |w|.
The claim of Theorem 10 can be verified by induction on the length of element φ ∈ Aut(S(X)) \ G 0 . For |φ| = 3, it is trivial. Now if |φ| > 3 then by the induction hypothesis we have that if |ψ| < |φ| then ψ ∈ G 0 . By Corollary 6 the collection {u, v, w} is reducible, and we can suppose that u = u 0 · u 1 , u 1 ∈ {v, w, v · w}. There is an automorphism α such that α(
Finally, if u = u 0 · w then φ = (23)ϕ(23)α. In all three cases φ is contained in the group G 0 ; this implies the assertion of the theorem. Proof. Denote by Q 0 the subgroup of Q generated by ξ, ϕ, τ and let λ ∈ Q be the map λ(a, b, c) = (v, w, c), with |λ| = |v| + |w|. Suppose that for every γ ∈ Q with |γ| < |λ|, γ is contained in Q 0 .
Theorem 10 implies
Since (v, w, c) is reducible, we have three possibilities:
Consider the map λ 0 (a, b, c) = (v 0 , w, c); it is contained in Q 0 by induction because |λ 0 | < |λ|.
In the first case λ = ϕλ 0 . In the second case λ = ξλ 0 , and for the mapping φ(a, b, c) = (a(bc), b, c) we have by Eqn (2) (see the proof of Theorem 10). In the third case φ = τ ξϕτ ϕξτ ∈ Q 0 .
In each case λ ∈ Q 0 ; this fact yields that Q 0 = Q.
Let us return to Problem 1. As was mentioned in the proof of Theorem 10, any transposition of the symmetric group S n (X) on X can be written as a product of X-elementary automorphisms
Using this description of translations and the equation
we get that
This yields the relation (e i (x j )e j (x i )) 3 = 1.
In the proof of Theorem 10 we showed a further relation e 1 (x 2 · x 3 ) = (13)ϕ(123)ϕ(132)ϕ(13) = e 1 (x 3 )e 3 (x 1 )e 1 (x 3 )e 2 (x 1 )e 1 (x 2 )e 1 (x 3 )e 3 (x 1 )e 1 (x 3 )e 1 (x 2 )e 1 (x 3 )e 3 (x 1 )
These facts suggest the following
Conjecture 12
The group Aut(S(x 1 , x 2 , x 3 )) is generated by three involutions (12), (13) and ϕ = e 1 (x 2 ) with relations
The analysis of computerised calculations shows that if the Conjecture 12 is false then some new relations might exist, between the above involutions, of the type ϕσ 1 ϕσ 2 · · · ϕσ n = 1.
Here σ i ∈ S 3 =< (12), (13) > . Moreover, σ i = (12) or 1; if σ i = (13) then σ i+1 = (13). Finally, n > 50 (for n ≤ 50 new relations were not found). In paper [13] it has been proved that the automorphism group of a free algebra of an arbitrary linear Nielsen-Schreier variety is generated by elementary automorphisms with some specific relations (2)-(4) ( [13] , pages 210-211). If Conjecture 12 holds, we will have a similar result for the group Aut(S(X)) of the free Steiner loop S(X) in the case |X| = 3.
Remark 13
If Conjecture 12 is true, group Aut(S(x 1 , x 2 , x 3 )) is the Coxeter group < (12), (13) , ϕ |(ϕ(12)) 3 = (ϕ(13)) 4 = ((12)(13)) 3 = 1 > .
Conjecture 14 Q = {ϕ, τ, ξ|ξ 2 = ϕ 2 = τ 2 = (τ ϕ) 3 = 1}.
Theorem 15 If Conjecture 12 is true then Conjecture 14 is also true.
Proof. Suppose that Conjecture 12 is true but Conjecture 14 is not. Then there exists a non-trivial word w = w 1 . . . w n formed by the letters {τ, ξ, ϕ} such that a w = a, b w = b. Here the "non-trivial" means that w does not contain the subwords ϕτ ϕ and ξτ ξτ .
Applying induction in n, assume that for any non-trivial word v constructed from {τ, ξ, ϕ}, of length less then n, the corresponding word in {τ, π, ϕ} is nontrivial, where π = (23). Observe that ξ = πϕπ. Hence, w 0 = w 1 . . . w n−1 is a non-trivial word in {τ, π, ϕ}. We focus on the case where no non-trivial word. The choice w n−1 = τ implies that w n = τ and w n−2 = τ . Furthermore, if w n = ξ = πϕπ then w = w 1 . . . w n−2 τ πϕπ is a non-trivial word in {τ, π, ϕ}. If w n = ϕ and w n−2 = ξ then w is again a non-trivial word in {τ, π, ϕ}. Finally, if w n = ϕ and w n−2 = ϕ then w is not a non-trivial word in {τ, ξ, ϕ}, since w contains the subword w n−2 w n−1 w n = ϕτ ϕ.
Next, we present as a consequence of the preliminary results, a connection between the groups of automorphisms of (a) free Steiner quasigroups and their associated (b) the free exterior Steiner loops and free interior Steiner loops.
Theorem 16 Let S(X) be a free Steiner quasigroup with free generators X. Let ES(X) = S(X) ∪ e and IS(X) be its corresponding free exterior and interior Steiner loop, respectively.
Then Aut(S(X)) = Aut(ES(X)) and Aut(IS(X)) ≃ Stab Aut(ES(X)) (a), where a ∈ IS(X) is the unit element of loop IS(X).
